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Bmn = A∗

mn . �&�*«W�
� Q � ¢ ltZ\RU_\Vq[
dqV�ltkSc^p�itkSi#aAltkS� A

T = B r iCa�`�n�R�ltVqltZhg N × M
R._\XY_>ny_>k*dhltZhg

Bmn = Anm . �&� � �
¢ ltZ\RU_\Vq[Cd�VqltkSc^p�iWkvi3a�ltk7l A

T p(i3aFcedhl � _y[Cn0ltZ>RY_>Vq[>` A
pSVq[>_\[�[�ltn�R�ltkv�~aFRY_\V^cq[M`]k7l

�miWXY�vnyk*` RF�tiWXU�Sn�k�k7l]aFRY_>Vqcq[>_ r [ p�it[\iWcedhl�aFRY_>kSRY_>n k7l n�RY_ � cqZ>��d�[Ma w _\XU_\n�_\k*d�T#a
� R�l � itk7ltXYk*`�Zhg!� A11, A22, . . . w
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� Z � ¢ ltZ\RU_\Vq[sgS_>Vqn�RUdqi3aFc^�ti�cqpSV^[\�>z\iWk7� A
† = B r i�a�`�nyRYltV�lmZhg N × M

R!_>XY_\n�_\k*d�ltZhg
Bmn = A∗

nm . �&� �*�P!lmZhgSi � [\RHi�Z\[>`baFRU¡qZ\RU_
A

† = (A∗)T = (AT)∗ . �1� �*�� V^[>`��S� l � �yn0lmZ\RY_>Vq[ygS_\V^nyR d�i#aFcq�mi cqpSV^[\�>z\iWk7l aF[ � XY� � _\n n0lmZ\RY_>Vq[M`<�miWXY�vnykSi#a�_ � a rpSlmd�V^[}V^T#aFk w��5�t©*��r�� _\ced�n0ltZ>RY_>Vq[��~aFRU_\Vqc^[\i#a��v�
a
† = (a∗

1, a
∗
2, . . . , a

∗
M) . �1�S�3�P!lm�ba�ltz>no`]pSVq[M`JiW��lt[ � R r z\_Cn�kSiWz>_\kSRU_�n0ltZ>RY_>Vq[>`�aFRY_>Vqcq[>i#a�_ � a† pvVq[\_>[Cn0ltZ>RY_>Vq[��ti��XU�Sn�kSita��

b r ltkSltXYi � RYZ\[>k7� � i
nyltZ>RY_\V^[>` �5�t©*��r*� l � _�nyltZ\RU_\V^[ a†b r �bdqTWV�l � _>c^d nyltZ\RU_\Vq[\�iCa�`�nyRYltV�lmZhg
1 × 1 r Z\[M`�XYRHp(_>aFk7�CXYRUZ\[\QS�~[\_s[\QSRUiWVq�OXURYZ\[>Q K

�
a†b ∈ K w

� aF�v��V^itd�kv_Lp(i#a�d�TWV^[\_\kvRY_s��ltz � _ � [siWp(_\VqltZ � R � l��fZ � pSVq[M`baFV�ltZ\lyc^d�ltk p�i�Z\[\�md��mi3a�`(�
(A∗)∗ = (AT)T = (A†)† = A . �1�b�t�P!ltced�iWc^i#aAltkvRY_siWp(_\V�lmZ � R � l��fZ ��� iCcq�Sno`OnyltZ>RY_\V^[>` � l � _t�

(A + B)∗ = A
∗ + B

∗ ,
(A + B)T = A

T + B
T ,

(A + B)† = A
† + B

† ,
�1�*�*�

l~a�pvVq[>`�p7l � �b� RYXUi|Z>[>`�kb�On0ltZ>RY_>Vq[>`0pSVq[>_\[}XYRUZ\[\Q(�t�
(cA)∗ = c∗A∗ ,
(cA)T = cAT ,

(cA)† = c∗A† .
�1�W�b�

PJ�tiWXU_\R r [�ltced�iWc^i#aAltkvRY_siWp(_\V�lmZ � R � l��fZ ��� iyRUXYi�Z\[M`|kb�OnyltZ\RU_\Vq[M` � l � _t�
(AB)∗ = A

∗
B

∗ ,
(AB)T = B

T
A

T ,
(AB)† = B

†
A

† .
�1�b¤W�

��� kSimd�� � no`0[\n�R�ltkv�
p�iWV^[�� � ��� RYXUi|Z>[>`�kb�£a¦a�`�kSRY�b� iWp(_\V�lmZ � R � Q � R � Z ��w
©vw � [>Z\[>_ � TWXUk7�£VqiWXU�La ltX � _\QSV^[\_�i �S� V^`ba�l � �£n0lmZ\RY_>Vq[>_~�*aAl � V�lmdqi3a�_ � N = M �Mw � ¡^VqT � n0l3�Z>RY_\V^[>`��*aAl � V�lmdqi3a�`�Zhg a�`|V^TWz\kvRYiWk7�yVqiWXU_oi �S� V^`ba�l � �v� � �*aAl � V�lmdqi#aAl � nyltZ>RY_\V^[L[>_\V^i3a�l O ri�a�� lmcqkSiW¡^Z\RYltZhg iW�bV^_\¡qXUiWk*`�Zhg�a�V^T#aFk w��&� �*� R �&�v�3��r iWVqlt[
n0lmZ\RY_>Vq[ � _ � kSiWced��ti#a�l r
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c^p�_3��kSRYl � �tZ�l�V^iWXY� � � _ � `�kS�bR ��a�n�kSiWz\_>kSRY�£nyltZ>RY_\V^[>`(�
1A = A1 = A . �1�*«W�
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«|w �sltz � _ � n0ltZ>RY_>Vq[>`��*aAl � V�lmdqi3a�_ � A
nyitz\k7l�pSV^[>`�pSRYcqlt{ XYRUZ\[\Q(�

det A r [MaAltkS��a�`�[\k7lmZ\[\kvRY�bRY_>nnyltZ\RU_\V^[>`
A r [\ltpSRYce`baAltkS�Cd�lt�bz\_ � lt�ti

det A =
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∣

∣

∣

∣

∣

∣

∣

∣

A11 A12 · · · A1M

A21 A22 · · · A2Mwww www www www
AM1 AM2 · · · AMM

∣

∣

∣

∣

∣

∣

∣

∣

∣

, �1� � �

l�[ � _>�7kSi#a�ltk7� � iWVqnyltXYkvRY_�a¦p�itc^dhlmZ\R

det A =
∑

σ

znak(σ)A1σ(1)A2σ(2) · · ·AMσ(M) , �1� �*�

�W� [\RY_£c^�Sn�i3a�ltkSRU_£VqiW[>Z\RY� � l c^RY�£k7l aFc^[>`�c^dq��RU_ M !
p(_\V^n~�vd�ltZ � RA[>QSRYitVq�jaFcq��l

�
kSRY�mT3a

1, 2,
. . . , M

k��vny_>Vq� � �tZM`�Zhg �titXY�Sn�k*`jn0lmZ\RY_>Vq[M`
A r l][\k7lm� � σ ��� _\c^d�[>k7lt�bRY_>n p�_>Vqn~�vd�ltZ � R σ rpSV^[>` � n~� � �mZ>`�n a�ltV^dqiW¡qZ>R

+1
XY�vQ −1 r a [�lmXY_\z>kSiW¡^Z\R�i � d�_ � i r Z\[M`�p(_\Vqno�vdhltZ � l dhl � _>c^dp7lmVq[>`�cedhl r Z>[>`<kSRY_>p7ltV^[>`�c^d�l w � Vqitc^df`<pSVq[M`|�S��l � ��a�`�[\k7ltZ>[\kSRU�<nyltZ>RY_\V^[>` A

i�a�`�n�R�ltVqltZhg
2 × 2

�
det A =

∣

∣

∣

∣

A11 A12

A21 A22

∣

∣

∣

∣

= A11A22 − A12A21 . �5¤��*�
� pSV^[>`�p7l � �b� n0lmZ\RY_>Vq[M`<a�`�z\c^[>`�Zhg�a�`�n�R�ltV^T#a _ � _\�*df`baFk*`|n c^p�itcqiWQ(_\n iWQSXYRUZ\[\ltkSR�lOa�`*�
[>k7ltZ\[>kSRY�mT#a � _>c^d [\ltc^dqiWcqi#a�ltkSRY_Adq[>a w V^iW[>aFRUkSRY�>Z\RYl x ltpSXYltZ\_�� l � aF[ � XY� � _\n �miWXY�vnyk~XU�SQoaFRU_\Ve�
c^[>`OnyltZ\RU_\Vq[M` �Mw � RU_\�*d�TtVq_�a�� lmcqkSiW¡^Z\RHa�`�[\k7lmZ\[\kvRY��l�nyltZ>RY_\V^[>`(�
� l � � _>¡qXURS[AnyltZ\RU_\Vq[M` A

�vdfa�iWVq[M`|{�kSi#a��snyltZ>RY_\V^[
A

′ pSV^[\_\[F[\ltnyRYltkS� � a�T�ZhgC�tiWXU�Sn�k � XY�vQ
� a�T�ZhgJaFRY_\V^cq[M` ��r d�i det A

′ = − det A w �<`�kSRU��l0c^d�� �!r z>_ �W� ` � aFRY_L�tiWXU�Sn�kb` � XU�SQ
� aAlCaFRY_\V^cq[>_ � n0lmZ\RY_>Vq[M` A

cq��R � _\k*df`�Z\[>kS_ r d�i det A = 0 w
� Q � P!lmZhgSi � [\R

det 1 = 1 . �5¤��3�
� X�l���ltz � _ � nyltZ\RU_\V^[>` �*a�l � Vqlmd�i#a�_ � A

nyltno`

det(AT) = det A , �5¤t�W�
det(A∗) = det(A†) = (det A)∗ , �5¤t�*�

� Z � � _>¡qXUR�nyltZ\RU_\Vq[>_ A
R
B

cq�0nyltZ\RU_\Vq[\ltn�RH�ba�l � Vqlmd�i#a�`�n�R�i0df`�ZhgJc�lmno`�Zhg a�`|n�R�lmV�ltZhg rdqi
det(AB) = det(BA) = det Adet B . �5¤m�b�

� w � _>¡qXYR A � _\c^d�nyltZ\RU_\Vq[\�j�ba�l � Vqlmd�i#a���R
det A 6= 0 r d�i RYced�kSRU_ � _]n0lmZ\RY_>Vq[ i � aFV^itd�k7l � inyltZ\RU_\V^[>`

A r iW[>k7ltZ>[�ltk7lCpSV^[\_\[ A
−1 r dhlm�ml r z\_

A
−1

A = AA
−1 = 1 . �5¤W¤t�
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PJVqT#aFk w��5¤��3�Mr �&¤m�b� R �&¤W¤W� a�`�kSRU�ml r z\_

det(A−1) = (det A)−1 . �5¤t©*�
� Vqitc^df`OpSV^[>`��S� l � � nyltZ\RU_\V^[
i � aFV^itd�kSl � i�nyltZ>RY_\V^[>` A

iCa�`�n�R�ltVqltZhg
2 × 2

�

A
−1 =

1

det A

(

A22 −A12

−A21 A11

)

, �5¤W«W�
�W� [\RY_ det A � _>c^d�[ � _>�7kSRUi#aAltk*`Oa�V^T#aFk w��5¤��*��w
� _>¡qXYR A R

B
cq�~n0lmZ\RY_>Vq[\ltnyR¥�*a�l � V�l�d�i#a�`�nyR!i~df`�ZhgOc�lmno`�ZhgOa�`�n�R�ltVqltZhg R�c��~i � aFV�ltZ\ltXYkv_

� Z\[>`�XUR�nyl � � i � aFVqitdqkSiW¡^Z\R ��r d�ijRYZhg RUXYi�Z\[M`|k
AB � _\ced£dhlt�bz>_Jn0ltZ>RY_>Vq[�� i � aFV�ltZ\ltXYk7��� Q(ia�`�[\kSltZ\[>kSRY� �&¤m�b� � _\ced�VqTWz>kb` i � [\_>V�l�� R![\ltZhgSi � [\R

(AB)−1 = B
−1

A
−1 . �5¤ � �

��� r p(i � itQSkSRY_ � lt�}a�pSV^[>`�p7l � �b��iWp(_\V�lmZ � R � Q � R � Z � a�VqT#aFk wF� �b¤W��r dhlt�bz>_�[�ltZhgSi � [>R7[\n�R�ltk7lp(iWVq[\� � �b� RYXYi�Z\[M`�k�� w
�vw ¨FiW[>a�ltz>no`£nyltZ\RU_\Vq[>_
[\_>cqp(iWXYiWkv_ � K = C �Mw�¢ lmZ\RY_>Vq[
�*a�l � V�l�d�i#aA� A

k7lm[>`baAlmno`(�
§ Vq[>_\Z>[>`baFRYcedh� r¥�W� `

A
∗ = A (

Z\[M`|XUR
A∗

mn = Amn) , �5¤��*�
§ c^`�n�_>dqV^`�Z\[>k7� r¥�W� `

A
T = A (

Z>[>`�XYR
Anm = Amn) , �&© �*�

§ gS_>Vqn�RUd�i#aFc^�m� rS�W� `
A

† = A (
Z>[>`�XYR

A∗
nm = Amn) , �&©v�3�

§ iWVed�i � itk7ltXYkS� rv�W� ` det A 6= 0
R![\ltZhgSi � [\R

A
T = A

−1 , �&©*�W�
§ �SkSR dhltV^k7� rS�t� ` det A 6= 0

RH[\ltZhgSi � [\R

A
† = A

−1 . �&©W�*�
PJVqT#aFk w��5¤t�W�Mr �&¤t©*� R �1©*�W� a�`�kSRU�ml r � _
a�pSV^[>`�p7l � ����n0lmZ\RY_>Vq[M` iWVed�i � itk7ltXYkv_ � [�ltZhgvi � [>R

(det A)2 = 1 . �&©t�*�
��i � itQSkSRY_ r [JV^T#aFk w �&¤t�*�MrL�&¤t©*� R �1©W�*� a�`�kSRU��l r � _ a pvVq[>`�p7l � �b� nyltZ\RU_\V^[>`��vkSRUd�ltVqkS_ �[\ltZhgSi � [>R

| detA)|2 = 1 . �&©*¤t�
� � `£V^iW[>a�ltz�lmno`£nyltZ\RU_\Vq[>_sVq[\_>Z\[M`�aFRUc^dq_ � K = R ��r d�iCVqT#aFk w��5¤��W��� _\c^d�[\l#aFc^[\_Lcqp(_���kvRYiWkS_ rp7l�d�Vq[ �ba�l � l � a VqiW[ � [\RYltXY_ �Ww � df`�n pSV^[>`�p7l � ��� p(i � �\Z>RY_ nyltZ\RU_\V^[>`�gS_\V^nyR d�i#aFcq�bRY_ �p(iW�bV^`ba�lsc^RY��[Ap�i � �\Z\RU_\n n0lmZ\RY_>Vq[M`oce`|n�_>dqV^`�Z\[>kS_ �>r l�p(i � �>Z\RY_�n0ltZ>RY_>Vq[>`}�SkvRUdhlmVqkS_ � p�iW�bVe`�a�lc^RY�
[sp�i � �\Z\RU_\n nyltZ>RY_\V^[>`0iWV^dqi � iWk7lmXYkS_ �>w
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���vw �sltz � _ � n0ltZ>RY_>Vq[>`��ba�l � Vqlmd�i#a�_ � A
n�iWz\kSlFpvVq[>`�pSRUc�lt{ XYRUZ\[>Q�� d�V

A r [>a�ltk7��¡qX�l � _\n�nyltZ>RY_\V^[>`
A r VqT#aFk7�Ccq�vnyRU_
_\XY_>ny_>k*d�T#a � RYl � iWkSltXYk*`�ZhgOn0ltZ>RY_>Vq[>`(�

tr A =
M

∑

m=1

Amm . �&©W©*�

	 lmdfa�i�a�`���lt[\lt{sk7ltc^dq�\pS� � �tZ\_sa�� ltc^kSiW¡^Z\R ¡qXYl � �On0lmZ\RY_>Vq[M`��
tr (A + B) = tr A + trB , �1©*«W�

tr (AB) = tr (BA) , �1© � �
tr (AT) = tr A , �&© �W�

tr (A∗) = tr (A†) = (trA)∗ . �5«��*�
�W�Ww ��V�ltkvc � iWV^n0ltZ � l�p�i � iWQSRU_ �ScedfaAl�n0lmZ\RY_>Vq[M`£�*aAl � V�lmdqi3a�`�Zhg w � `�QSRY_>V�l � �mZ}�vc^dhlmXYiWk7�CnyltZ\RU_\Vq[�*a�l � V�l�d�i#aA� X r d�lt��� r z\_ det X 6= 0 r n�iWz\_>no` �mlmz � _ � n0ltZ>RY_>Vq[>` �*a�l � V�l�d�i#a�_ � A

pSV^[>`*�
p(iWVq[\� � �mi3a�lt{}n0lmZ\RY_>Vq[
�*a�l � V�l�d�i#aA� A′

it��V^_\¡^XYiWk7��V^T3aFkSltkSRY_>n
A′ = XAX

−1 . �5«|�3�
����ltcqkSit¡qZ\R!dqV�ltkvc � iWV^n0ltZ � R!p(i � itQSRY_ �Sc^dfa�lv�

(A + B)′ = A′ + B′ , �5«W�W�
(AB)′ = A′B′ . �5«t�*�

� _>¡qXYR.RYc^dqkSRY_ � _
n0lmZ\RY_>Vq[
i � aFVqimd�k7l A
−1 r d�i
(A−1)′ = (A′)−1 . �5«m�b�

P a���ltcqkviW¡qZ>R(a�`�[\kSltZ\[>kSRY��l~nyltZ\RU_\Vq[M` � VqT#aFk w��5¤��b� �¥a�`�kSRY��l}kSRY_>[\n�RY_\kvkSRYZ>[\iW¡^{�a�`�[\kSltZ\[>kSRY��lnyltZ\RU_\V^[>`0aF[ � XY� � _\n d�V�lmkSc � iWV^n0lmZ � R!p(i � iWQSRY_ �Sc^dfa�lv�
det A′ = det A . �5«W¤t�

��i � itQSkSRY_ r [ a�� ltc^kSiW¡qZ>R�¡qXYl � � nyltZ\RU_\V^[>` � V^T#aFk w �1© � � ��a�`�kSRY��lukSRU_\[>nyRU_\kSkSRUZ\[>iW¡q{�¡qX�l � �nyltZ\RU_\V^[>`0aF[ � XY� � _\n d�V�lmkSc � iWV^n0lmZ � R!p(i � iWQSRY_ �Sc^dfa�lv�
tr A′ = trA . �5«t©W�

� lui � T|� � _>�7kSRUZ � _JnyltZ\RU_\V^[>`�[\_\c^p�itXYiWkS_ � cqpSV^[\�\z>iWkS_ � � V^T#aFk w �1�*«W� � r n0lmZ\RY_>Vq[M` d�VqltkSc^p�im�
kSi#a�ltkS_ � � VqT#aFk w �&� � � � r iWVqlt[ nyltZ\RU_\Vq[M` gv_\Vqn�RUdqi#aFcq�ti c^pSVq[>�\z\itkS_ � � V^T3aFk w �&���*� ��kSRY_ cq�kSRU_\[>nyRU_\kSkSRUZ\[>_ aF[ � XU� � _>n d�V�lmkSc � iWV^n0lmZ � R�p(i � iWQSRY_ �Sc^dfa�l w � pSVq[M`�p7l � �b�¦c^[\Z>[\_ � TWXYkS_ � ia�`�Q(iWVq�]nyltZ\RU_\Vq[M`�dqV�ltkvc � iWV^n0ltZ � R X

nyitz\k7l � _ � k7lt���S[>`�cq��lt{CkSRU_\[>nyRU_\kSkSRUZ\[>iW¡q{ r kSp w}�W� `
X � _>c^d�n0lmZ\RY_>Vq[\�~�SkSRUd�ltVqkS� � c^p�_3��kSRYl�V^T3aFk w��1©W�*� � r dqiC[�ltZhgSi � [>R

(A†)′ = (A′)† . �5«W«W�
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V^T#aFk7l�� XURYkSRUi#a�`|Zhg [
N

kSRU_>aFRYl � iWno`�n�R x1, x2, . . . , xN r k7ltXU_\z��mZ>`�nyR � iy[\QSRUiWVq� XYRUZ\[>Q
K � VqT#aFkS_ � i R

XU�SQ
C ��r [�ltpvRYcq� � _
cqRY�
a¦p�iWcedhltZ>R

A11 x1 + A12 x2 + · · · + A1N xN = b1 ,
A21 x1 + A22 x2 + · · · + A2N xN = b2 ,www www www www www

AM1 x1 + AM2 x2 + · · · + AMN xN = bM ,
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�W� [>RY_�XYRUZ\[\Q*` Amn r [MaAltkv_�aFcqp(T|��Z>[>`�kSkSRU��ltnyR¥XURYkSRUi3a�`�n�R r dfa�iWV^[��onyltZ>RY_\V^[FpSVqiWced�iW���mdqk7� A
i}a�`*�

n�R�ltVqltZhg
M × N r p7l�d�Vq[
V^T#aFk w��5�W¤t�Mr l�XURYZ\[>Q*` bm r [MaAltkv_�a�`|Vqlt[�lmnyR.a�iWXUkb`�n�R r dfa�iWV^[���nyltZ\RU_\Vq[�titXY�Sn�kSi#aA�

b
i~a�`�nyRYltVq[>_

M r lmk7ltXYi � RYZ>[\k7� � i�[ � _M�7kSRUi3a�ltkS_ � a VqT#aFk w��&�t©*�Mw P!ltVqT#aFkSi~aFc^p�T|�U�Z\[M`�kSkSRY�bR!XURYkSRUi#a�_ r�� lm�yR¥a�`�V�lt[M`0a�iWXYkS_�k7ltXY_>z�� � i~d�_ � i~c�ltn�_ � i~[\QSRUiWVq�0XYRYZ>[\Q K w �<pSVqi#a�l � [\l � �tZnyltZ\RU_\Vq[
�miWXY�vnykSi#a���iCa�`�n�R�ltV^[\_
N r [\QS� � i#aAltkS�y[skSRY_MaFR�l � iWno`�Zhg r

x =
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xN











, �5«��*�

n�iWz\k7l��S�S��l � V^T#aFk7l�� �5« � � [\ltpSRUc�lt{�a¦VqT#aFkSi#aAlmz\kS_ � p�itc^dhlmZ\RHnyltZ\RU_\Vq[>i#a�_ � �
Ax = b , � � �*�

�W� [>RY_sn�kSiWz\_>kSRY_snyltZ\RU_\V^[>` aFc^p�T|��Z\[M`|kvkSRY�mT3a A r iCa�`|n�R�lmV�ltZhg M × N r pSVq[>_\[}n0lmZ\RY_>Vq[skSRU_>aFR�l3�
� iWnL`|Zhg x r i�a�`|n�R�lmV�ltZhg N × 1 r7� l � _sn0lmZ\RY_>Vq[�a�`�Vqlt[\T#a�a�iWXYk*`�Zhg

b r iCa�`�nyRYltV�ltZhg M × 1 w
�Ww ���7��l � VqT#aFk7l�� XYRUkSRYi#a�`�Zhg �5« � � nyiWz>_t� � R � kSRU_£nyRU_\{ V^iW[>aFRY�t[�l�� � k7lt[M`�a�ltk*` � _\ced�a�dq_ � `c^pSVq[>_\Z\[>k*`|n �Mr�� RYR � n�RY_>{ � _ � kSi~V^iW[>aFRY�t[�ltkvRY_ x r!� RURYR � n�RY_>{�kSRU_\c^�ti �SZ>[\_>kSRY_�aFRU_\XY_�Vqit[>aFR��m[�l�� w
�|w ���7��l � V^T3aFkSl��JXYRUkSRYi#a�`�Zhg �5« � � kSlt[>`ba�lOc^RY�L�S�S� l � _>n � _ � kSiWV^i � kb`�n r.�W� ` aFc^[>`�c^dq�bRY_�a�`*�Vqlt[>`�a�iWXYkv_�cq�}V^T#aFkS_�[>_\Vq� r b = 0

�ba pSV^[\_>Z\RUaFk*`�n a�`�p7l � �b� �S�S��l � kSlt[>`ba�locqRU���v�7��l � _>nkSRU_ � _ � kSiWV^i � k*`�n w � _ � k*`�n [0VqiW[MaFR��t[\l�� � _ � kSiWVqi � kS_ � i �S�S��l � �jVqT#aFk7l��jXYRYkvRYi#a�`�Zhg � _\ced[\l#aFc^[\_ VqiW[MaFR��t[\ltkSRU_ [\_>Vqi#a�_ r x = 0 w ��a�l � lv� � _>¡qXYR x 6= 0 � _\c^d�V^iW[>aFRY�t[�ltkvRY_\n � _ � kSim�V^i � kv_ � i£�S�S��l � � VqT#aFk7l�� r l c � _\c^d � i#a�iWXYkS� XYRYZ>[\Q7� [>_�[\QSRUiWVq� K r d�i x
′ = cx � _>c^d
d�lt�bz\_V^iW[>aFRY�t[�ltkvRY_\n d�_ � iC�S�S� l � � VqT#aFk7l�� w

�vw�� i#a�i � [\R cqRU� r z>_ � _>¡qXUR!a��S�S� l � [\RU_
VqT#aFk7l�� �5« � � �
� l ��� _ � kSi£[oV^T#aFk7l��|�5aFRY_\V^cq[M` p(iWnykviWz>`�{oced�V^iWk7ltn�R4pvVq[\_>[�p�_MaFk7� XYRUZ\[>Q�� c 6= 0 r d�i0itd�V^[>`*�nyltk*`0a d�_\k cqp(iWc^TWQ�kvi3a�`O�v�7��l � VqT#aFk7l�� n0lodq_\k c�ltn [\QSRUTWV�VqiW[MaFR��t[\l�� �
� Q ��� i � _ � kS_ � iL[FV^T3aFkSl��|� aFRU_\V^cq[>` � i � lm{�ced�V^iWk7ltn�RSRYkvkS_FVqT#aFk7ltkSRU_M�5aFRY_\V^cq[ r dqiLimd�Vq[M`�n0ltk*`a d�_\k cqp(iWc^TWQ�kvi3a�` �S�S� l � VqT#aFk7l�� nyl�dq_\k c�ltn [\QSRUTWV�VqiW[MaFR��t[\l�� w� RU_\XYit��V^itd�kv_�[�lmc^d�itcqi#aAlmkSRY_�iWp(_\VqltZ � R � l � R � Q �Mr [�i � p(i#aFRY_ � kSRYi � iWQSVqltk*`|n�Rvn�kSiWz>kSRY��ltn�R c rn�iWz\_ � iWpvVqi#aAl � [\RUZ � iy_\XYRUnyRUk7ltZ � R � _ � kv_ � [}kSRY_MaFR�l � itno`�Zhg r lCa �tiWkvcq_\�*a�_\kSZ � R � i0imd�Vq[M`*�nyltkSRYlLkSi#a�_ � i��S�S��l � � M − 1

V^T3aFkSl��O[
N − 1

kSRY_MaFR�l � itno`�nyR � � _\c^d�dqi~n�_>d�i � loV^iW[>aFRY���[M`�a�ltkSRYl��v�7��l � � VqT#aFk7l�� XYRUkSRYi#a�`�ZhgOpSVq[>_\[s�titXY_ � kS�C_>XYRUnyRUk7ltZ � ��kSRY_MaFR�l � iWno`�Zhg w
���



�Sw � �b�SpvRYno`�cqRU��dq_\V�lm[�k7lsaAltz>k*`|n pSVq[M`�p7l � �b�Ocq[>Z\[\_ � TWXUkb`�n rv�W� `yXURYZ>[\Q7l}VqT#aFk7l�� V^T#aFk7l � _\cedXURYZ\[>QSRY_�kSRY_MaFR�l � itno`�Zhg r M = N w�¢ lmZ\RY_>Vq[ A � _>c^dFa�d�_ � `£nyltZ\RU_\V^[����*aAl � V�lmdqi3a�� N × N w¨FiW[\pSlmd�V^[>`�no` � aFRU_
nyitz\XYR a�it¡qZ\R&�
���3� det A 6= 0 w ªfc^dqkSRY_ � _�a�dq_ � `<nyltZ\RU_\Vq[Ci � aFVqimd�k7l A

−1 r R n�kSiWz��mZyXU_>a�iWc^dqVqiWkSkvRY_�iWQSRY_ced�Vqitkb` VqT#aFk7ltkSRYl n0lmZ\RY_>Vq[>i3a�_ � i � � �*� pSVq[>_\[�d���nyltZ\RU_\V^[oitdqVq[>`�n~� � _\no` � � _ � `|kv_ � VqiW[MaFR����[\ltkSRY_
�v�7��l � � VqT#aFk7l�� �5« � � a�p(iWc^d�ltZ\R

x = A
−1

b . � � �#�
¢ _Md�i � lsVqiW[MaFR��t[M`�a�ltkSRYl}�v�7��l � �yVqT#aFk7l���XYRUkSRYi#a�`�Zhg N ×N

pSV^[\_\[Fa�`�[\k7lmZ\[�lmkSRY_�n0lmZ\RY_>Vq[M`
A

−1 kSRY_ � _\ced}iWp�� lmZ�ltXUk7l0a pSVqlt�*df`�Z\_ r��W� ` XYRYZ>[\Q7l£kSRU_>aFRYl � iWno`�Zhg N � _\ced � �Sz�l ���titVq[>`�ced^�kSRU_ ��� _\cedya�dq_ � ` c^dqiWcqi#a�lt{ i � p(i#aFRY_ � kSRYi][>iWpvdf`�n0lmXYRY[>i#aAltkS�]n�_>dqi � � �miWXY_ � kS_ � _\XURYn�RYk7ltZ � RkSRU_>aFRYl � iWno`�Zhg w � cq[>Z\[>_ � TWXUk*`|n pSV^[>`�p7l � ��� � _ � kSiWV^i � kS_ � i �S�S� l � � V^T3aFkSl�� r b = 0 r [V^T3aFk w�� � �3� itdqVq[M`|no� � _\no` � lt�ti � � _ � `�kS_ � Vqit[>aFR��m[�ltkSRU_�a�`�kSRY� x = 0 w
�&�W� det A = 0 w � df`�n pSV^[>`�p7l � ��� nyiWz>k7lJa�`|��lt[\lt{ r z\_ kSRY_ � _ � kSitVqi � k*`j�S�S� l � VqT#aA�
k7l�� �5« � ��� _\cedCltXYQ(i c^pSVq[>_\Z>[\k*` r ltXYQ(i nyl kSRU_\cq�mi �SZ>[\_\kvRY_ aFRY_>XY_yVqiW[MaFR��t[\l�� w ªfk*d�_>Vq_\c^� � �tZM`
� _>c^dOpSV^[>`�p7l � _>���S�S� l � � � _ � kSiWV^i � kS_ � i § n�iWz>k7l a�`��mlm[�lt{ r z\_Jd�lt�bR��S�S� l � nyl a df`|n
pSV^[>`�p7l � �]d�lt�bz\_~V^iW[>aFRY�t[�lmkSR�l�kSRY_>[\_\V^i#a�_ r x 6= 0 w�� i aFRY�>Z\_ �>r*� _\ced
a�d�_ � ` kSRU_\cq�mi �SZ>[\_\kvRY_aFRU_\XY_�V^iW[>aFRY�t[�l�� kvRY_\[>_\V^i3a�`�ZhgupvVqiWp(iWVqZ � iWk7ltXUk*`|Zhg � iOcqRU_\QSRU_ r p7lmdqVq[C�*aAl � lOa pS�SkS�mZ\RU_ �|w
¢ i � � � _ � kSlt��a�`�c^d���pvRY{~dhlm��z>_�VqiW[MaFR��t[\ltkSRYl0kSRY_>[\_>Vqi#a�_ r �*d�TWV^_�kSRY_~cq�£pSVqiWp(iWV^Z � iWk7lmXYkS_ � ic^RY_\QvRY_ w 	 lmdfa�i]nyitz\k7l a�`���lt[�lt{ r z>_ � _>¡qXUR x

R
x′ c�� dhlm��RUnyR � a�iWn0lJV^iW[>aFRY�t[�ltkvR�ltn�R r dqi

x′′ = cx + c′x′ r��W� [\RU_ c
R
c′
c�� � i#a�iWXUk*`|n�R XYRUZ\[\QSltnyR4[\_y[\QSRUiWVq� K r¥� _>c^d}dhlt�bz\_�Vqit[>aFR��3�[\ltkSRY_>n kSRU_\[>_\Vqi#a�`�n k7lmcq[\_ � i � _ � kviWVqi � kS_ � iC�S�S� l � �OV^T3aFkSl��OXYRYkvRYi#a�`�Zhg w �4i � �Sn�i#aF� � �tZt�a�ltVq�vkS�bRY_\n �tiWkvRY_\Z>[\k*`�n R�a�`�c^d�ltVqZ>[�l � �mZ>`�n r Q*` � _ � kSiWV^i � kb`0�S�S� l � � V^T3aFkSl��OXYRYkvRYi#a�`�Zhg

[ � kSRU_>aFR�l � iWno`�n�R �5« � � nyRYl��HV^iW[>aFRY�t[�lmkSR�l~kSRU_\[>_\Vqi#a�_ rt� _\ced det A = 0 w

�W�
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¢ T#aFRHcqRU� r z>_s[\iWcedhl���i�iW�bVq_\¡^XYiWkv_}i � aF[>iWVqi#a�ltkSRY_ f
[>QSRYitVq�

X
a [\QSRUTWV

Y r�� _\¡^XYR��������
	���O_>XY_\n�_\k��d�i#aFR
x
[>QSRYiWV^�

X
[>iWc^d�l���pSVq[M`|p(iWV^[�� � �mi#aAltk*`���	��
	�� _\XY_>ny_>k*d

y
[\_ [\QSRUiWVq�

Y w � ltk*` _\XU_\n�_\k*d
x
[>QSRYitVq�

X
k7lt[M`baAltnL` ltV � �vny_>kbdq_\n i � a�iWVqi#a�ltkSRYl f r lJpSV^[>`�p(iWVq[\� � �ti#a�ltk*` n~��_>XY_>ny_>kbd

y[\QvRYiWV^�
Y
k7lm[>`baAlmno`0a�ltV^dqiW¡qZ>R��oi � aF[>iWVqi#a�ltkSR�l f

i � p�i#aFR�l � l � �tZ\� x r Z>i�[�ltpSRUcq� � _>no`�a p(iWcedhltZ>R
y = f(x) w P.QSRUTWV X

k7lm[>`baAlmno` � [\RU_ � [>RYk7�Ci � aF[\iWV^i#aAltkvR�l f r lC[\QSRUTWV Y
pSV^[\_\Z>RUa � [>RY_ � [\RUk7�Cdq_ � ii � aF[\iWV^i#aAltkvR�l w���� aF[\iWV^i#aAltkvRY_ � _\ced4it��V^_\¡^XYiWkS_ � _ � kSiW[>k7ltZ\[>kSRY_ pSV^[\_>[�cea�i � � � [\RU_ � [>RYkS� R*pvVq[\_>Z\R aA�

� [>RY_ � [\RYkv� r iWVqlt[ApSV^[\_>[�p�i � ltkSRU_�[\ltXY_>z\kSit¡qZ\R y = f(x) w ��� aF[\itVqi#aAlmkSRY_�[\ltpSRYc^� � _Ac^RY��ce`�n~Q�itXYRYZ>[\kSRU_a�p(iWcedhltZ>R �fc^dqVq[\l����bR ���
X

f→ Y , � � �t�RYkvk7l � iWVqnylod�i
f
�

X → Y w�4i � ltk7l a�`|z>_ �~� _>�SkSRYZ � � i � aF[\iWV^i3a�ltkSRYl r a�`��titVq[>`�ced�� � �tZ\lJQ7ltV � [\RY_ � VqiW[>QS� � i#a�ltk7� kSimdhltZ � �nylmd�_>n0lmdf`�Z>[\k7� r a�` � X�� � l�k7lmc^d��>pS� � �tZ>iS�

X 3 x 7→ y = f(x) ∈ Y . � � �*�
�W� [>RY_
[\lt�S� l � lCcqRU_ r z>_
� R � ��ltz � _\n~� x � _>c^d�pSVq[M`�pSRYcqltkS_}p�_MaFkS_ y r
� RUR �H� _>¡qXUR � ltkS_>n~� x

c���pSV^[>`�pSRUc�ltkS_
y1

R
y2 r d�i y1 = y2 w� a�l�i � aF[\itVqi#aAlmkSR�l f

R
g
c���R � _\k*df`�Z\[>kS_ r Z\i [\ltpSRUcq� � _�cqRU� � lm�ti f = g r a�dq_ � ` R df`�XY�ti a�d�_ � `

�W� `(�
� R ��� [>RY_ � [\RYk*` X

itQS��i � aF[>iWVqi#a�l���cq��R � _\k*df`�Z\[>kS_ r
� RUR � pvVq[\_>Z\R a � [\RU_ � [>RYk*` Y

iWQS�Oi � aF[\itVqi#aAl�� c���R � _\k*df`�Z\[>kS_ r
� RURYR � � XYl~�mlmz � _ � i x ∈ X

[\ltZhgSi � [\R f(x) = g(x) w� � `�[\QSRUiWV^` X
R
Y
c��o[>QSRYitV�ltn�R¥XYRYZ>[\Q � p(i � [>QSRYitV�ltn�R R XU�SQ

C �Mr d�ioi � aF[>iWVqi#a�ltkSRU_ f
k7lt[M`baAl~c^RY�

� �SkS�mZ � � w � Vq[M`��7��l � � p�itkSRYz>cq[\_ � _M�7kSRUZ � _siW�bVq_>¡qX�l � ��dqVq[M`���������	 � �SkS�tZ � _t�
� l � f1 = sin r i � [\RU_ � [>RYkSRU_ R

R!pSV^[\_>Z\RUa � [\RY_ � [\RUkSRY_ R r
� Q � f2 = sin r i � [\RU_ � [>RYkSRU_ R

RHpSV^[\_\Z>RUa � [>RY_ � [\RUkSRY_ [−1, 1] r
� Z � f3 = sin r i � [>RY_ � [\RYkvRY_ [0, 2π]

R!pSV^[\_\Z>RUa � [>RY_ � [\RUkSRY_ [−1, 1] w� ��� � �L��[Fp(i#a�`|z>cq[M`|Zhg£V^iW[>a�ltz\l��ya�`�kSRU�ml r z>_�p(i#aFRYkSkvi}c^RY�FVqit[\VqTtz\kSRYlt{�c^`�n~Q(iWX f r iW�bV^_\¡qXYl � �tZM`i � aF[\iWV^i#aAltkvRY_ r i � ce`|noQ�iWXU�
f(x) r iW�bV^_\¡qXYl � �tZ>_ � i]aAlmV^d�it¡q{ i � aF[>iWVqi#a�ltkSRYl f

i � p(i3aFRYl � l � �mZ��
� ltkv_\n~�<ltV � �Sny_>k*d�i#aFR x w P!ltpSRUcq� f(x)

kSl iW�bV^_\¡qXU_\kSRU_Ci � aF[>iWVqi#a�ltkSRYl ced�iWc^� � _0c^RY�CZ\[\ltcq_>n r Q*`p(i � �bV^_\¡qXURY{ r � lt� a�` � XY� � l [\QSRUTWVCltV � �Sny_>k*d�T#a i � aF[\iWV^i#aAltkvR�lv��kSp w f(x, y) � lt�mi c^`�n~Q(iWXFi � �aF[\itVqi#aAlmkSR�l~aFcq��lt[>� � _ r z>_
[\QSRUiWVq_>n ltV � �Sn�_\k*d�T#a � _>c^dF[>QSRYTWV��vp�iWV^[�� � �ti#aAlmkb`�Zhg pSltV�_\XU_\n�_\k*d�T#a
(x, y) w

�Ww � _>¡qXYR A � _>c^d p(i � [>QSRYitVq_\n � [\RU_ � [>RYk*`Ci � aF[\iWV^i#aAltkvR�l f r A ⊂ X r d�ispSVq[>_\[ f(A)
iW[>k7ltZ>[�lscqRY�

p(i � [\QSRUTWV�pSV^[\_>Z\RUa � [\RY_ � [\RUk*` Y
[3��iWz>iWk*`~[>_�aFcq[M`|ced��bRYZhg

y
cqp(_���kvR�l � �tZM`�ZhgCa�ltV^�SkS_\�¥��RUc^dqkSRY_ � _

x ∈ A
dhlm��R r z\_ y = f(x) w P.QSRUTWV f(A)

k7lt[M`�a�l0c^RY�siWQSVqlt[\_>n [>QSRYitVq�
A
a i � aF[\iWV^i3a�ltkSRU�

f w P.QSRYTtV f(X) rW�W� [\RY_ X � _\ced � [\RU_ � [>RYk7��i � aF[>iWVqi#a�ltkSRYl f r k7lm[>`baAlscqRU�Ap(i
pSVqiWced���iWQvV�lt[>_\ni � aF[\itVqi#aAlmkSR�l f wo� Z\[M`�aFRU¡qZ>RY_ f(X) � _\c^dsp(i � [\QSRUiWVq_>n pvVq[\_>Z\R a � [\RU_ � [>RYk*` Y r f(X) ⊂ Y rltXU_
kSRY_>�tiWkvRY_\Z>[\kSRU_
VqT#aFk7lCcqRU�
Y w

�3�



�|w � _>¡qXYR B � _>c^dsp(i � [>QSRYitVq_\n pSV^[\_\Z>RUa � [>RY_ � [\RUkb` i � aF[\iWV^i3a�ltkSRYl f r B ⊂ Y r d�i£pSV^[\_>[ f−1(B)iW[>k7ltZ>[�l]cqRY�£p(i � [\QSRUTWV � [>RY_ � [\RYk*` X
[���itz\iWk*` [\_£aFc^[>`�c^dq��RUZhg

x
c^p(_���kvR�l � �tZM`�Zhg a�ltVq�vkS_\�¥�

RUc^d�kvRY_ � _ y ∈ B
d�lt�bR r z\_ y = f(x) w P.QSRYTWV f−1(B)

k7lt[M`�a�l cqRU�0pSV^[\_>Z\RUa�iWQSVqlt[\_>n [>QSRYiWV^�
B
a i � aF[>iWVqi#a�ltkSRY� f w ��a�l � lv�<[\QSRUTWV f−1(B)

n�iWz\_ Qb`�{J[>QSRYiWV^_\n pS�Scedf`|n � �W� ` kSRU_
RUc^d�kvRY_ � _
z\l � _>k x

c^p�_3��kSRYl � �tZ>`0aAltV^�SkS_>� y = f(x) � X�l y ∈ B
� w ��a�l � l|��[\l#aFc^[\_L[�ltZhgSi � [>R5�

f−1(Y) = X w
�vw � _>¡qXYR f � _\cedOi � aF[>iWVqi#a�ltkSRU_\n [\QSRUiWVq�

X
a [>QSRYTWV

Y r l g � _\cedOi � aF[>iWVqi#a�ltkSRU_\n [>QSRYitVq�
Y
a [\QvRYTWV

Z r d�i<nyiWz>k7l<[>QS� � i#a�lt{ i � aF[\itVqi#aAlmkSRY_ k
[\QSRUiWVq�

X
a [\QSRUTWV

Z r d�lt�bRY_ r z\_
k(x) = g[f(x)] w ��� aF[\iWV^i#aAltkvRY_ k

k7lm[>`baAlmno`�������� 	���� 	�� i � aF[>iWVqi#a�l�� g
R
f � a p�i � ltkv_ ��miWXY_ � kSiW¡qZ>R ��r Z\i�iW[\kSltZ\[\l�cqRY� k = g◦f w4� X�lFd�V^[\_\Zhg�i � aF[>iWVqi#a�l�� f r g R h � �W� [\RU_ dqi�iWcedhlmdqkSRY_

� _>c^d�i � aF[>iWVqi#a�ltkSRY_>n [\QSRUiWVq�
Z
a � lm��RU¡�[>QSRYTtV W � n�iWz\k7lC�titkSc^dqVq�Si#a�lt{�i � aF[\iWV^i3a�ltkSRU_ t[>QSRYiWV^�

X
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k7ltXY_>z>` � i W r7� RYR �RYXUi|Z>[>`�kLa�_\�*dqiWV�l�kSltXY_>z��tZ>_ � i � i W

pSV^[\_\[�XYRYZ>[\Q(��[>_�[>QSRYiWV^�~XYRUZ\[>Q�i#a�_ � i K kSltXY_>z>` � i W w�� [\k7ltZ>[�ld�i r z>_F[\QSRUTWV�a�_>�*d�iWV^T3a W � _\ced � iWn���kvRY�>df`~[\_FaF[ � XU� � ��k7l � [\RYl�� ltkvR�l � i � l�a�ltkSRYlsa�_\�*d�itVqT#a iWVqlt[
n�kSiWz\_>kSR�l]a�_>�*d�iWV^T3a pSV^[\_\[ XYRYZ>[\Q*` w P.QSRYTtV

W � _>c^d aFRU�\Z�pSVq[>_\c^dqVq[>_\kSRY� a�_>�bdqiWVqi#a�� r [�lt¡ �e���t�*�
� _\ced£Q7lt[\� d�_ � pvVq[\_>c^dqVq[\_>kSR � a�`|kvRY��l c^d�� �!r z\_ dim(W) = M

� w ¢ T3aFR�cqRU� r z\_ W � _>c^d£p(_>aFk7�
������� � � 	 ��� � � 	���� �CpSVq[>_\c^dqVq[>_\kSR a�_>�*d�iWV^i3a�_ � V w� V�lmn0ltZhg pSV^[>`��S� l � � � k7l c^dqV ws�3« VqiW[MaAltz\ltk7l Q*`W��pSV^[\_\ced�V^[\_ ��a�_\�*dqiWVqi#a�l �vdfa�iWVq[>iWk7l
pSV^[\_\[ aFc^[>`�c^dq�bRY_£i � aF[\iWV^i#aAltkvR�l p(_>aFkS_ � iJ[\QvRYiWV^� X

a [>QSRYTWVLXYRUZ\[\Q(i#a�`
K w � � `<[\QvRYTWV X

nyl
kSRU_\cq�mi �SZ>[\iWk7� XYRUZ\[>Q��J_>XY_\n�_\k*dqT3a r pSVq[>_\ced�Vq[>_ � dhlt��l � _\ced a�`�n�R�ltV^� kSRY_>cq�mi �SZ\[>iWkS_ � i � � _>c^dOdhlm� rkSp w r a pSV^[>`�p7l � ����� �SkS�tZ � RL[>nyRU_\kSkv_ � V^[\_>Z\[>`baFRUc^d�_ �u� X = R � i aAltVed�iW¡^Z\RYltZhg¦V^[\_\Z>[>`baFRYcedf`�Zhg
� K = R � XY�SQ<[\_\c^p�itXYiWk*`�Zhg � K = C �Mw � _>¡qXUR a�`�QSRU_\V^[\_ c^RY��p�_MaFRY_\k<cq�mi �SZ\[>iWk*` M

� _\XU_\n�_\k*d�i#a�`
�Sp(iWVq[\� � �mi3a�ltk*` [\QSRUTWV�� �SkS�mZ � R

(φ1, φ2, . . . , φM) , ����� � �d�i �vdfa�iWVq[M`�{�n�iWz\kSl p(i � pSVq[>_\ced�Vq[>_ � p(i#a�`�z\cq[>_ � pSV^[\_>c^d�V^[\_>kSR�a�_\�*dqiWVqi#a�_ �>r�� i �bdqTWVq_ � k7ltXU_\z\�aFcq[M`�c^d��bRU_ � �SkS�mZ � _snyl � �tZ\_sp(iWc^d�lt{
�titn~QSRYkSltZ � R!XURYkSRUi#a�`|Zhg � �Skv�tZ � R [>_}[>QSRYitVq� �e��� � � �
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k7ltXU_\z�� � i�[>QSRYitVq�£XYRUZ\[>Q�i#a�_ � i K w P.QSRYTtV �e��� � �!� _>c^d�[\QSRUiWVq_>n � �vkS�tZ � RHXYR �kSRUi3a�i}kSRY_>[�ltXU_\z\k*`�Zhg r a�d�_ � `CRSdf`�XY�tisa�d�_ � ` r|�W� `�[FV � i#aFkSiW¡^Z\R f = 0
� p7lmd�V^[FVqT#aFk w��e�����*� �Sa�`�kSRU��l rz\_�aFcq[M`|ced��bRY_yaFcqp(T|��Z>[>`�kSkSRU��R
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V^T3aFkv_0c���[\_\V^� w � dhlm��RUn pSVq[M`�p7l � �b�j[\QvRYTWV �e� � � � � _\ced~Q7lt[\�pSV^[\_\ced�V^[\_\kvR(a�_\�*d�itVqi#a�_ � �titn~QSRYkSltZ � R7XURYkSRUi3a�`�Zhg �e� � �*�Mr lsa�`�n�R�ltV�dq_ � pSVq[>_\c^dqVq[>_\kSR(VqT#aFk*` � _\ced M w� Vq[>_\c^dqVq[>_ � �tiWnoQSRYk7lmZ � RFXYRUkSRYi#a�`�Zhg ����� �*��� _\ced0aFRU�\Z p(_>aFkS� M− a�`�nyRYltVqi#a��up�i � pSV^[\_\ced�V^[\_\kvR��

� kvRY_\c^�ti �vZ\[\_>kSRY_Ma�`�nyRYltVqi#a�_ ��� pSVq[>_\c^dqVq[>_\kSRHa�_\�*d�iWV^i#a�_ � aFcq[>`�ced��bRYZhg i � aF[>iWVqi#a�l�� X → K w
� Vq[>`��S� l � ` pSVq[>_\c^dqVq[>_\kSRHa�_\�*d�iWV^i#a�`|ZhgJR.RYZhg Q7lt[t�
�Ww � Vq[>_\ced�Vq[>_ � K1 = K r��t� [\RU_ K = R

XU�SQ
C r>� _>c^d � _ � kvi3a�`�n�R�ltV^i#aAl w�� lt[\��a�d�_ � pSVq[>_\ced�Vq[>_\kSRcedhltkSi#aFRH��ltz � l�V^TWz\kSlCi � [\_\Vql�XYRYZ>[\Q7l x ∈ K w

�|w � `�nyRYltVApSV^[\_\ced�V^[\_\kvR
K2 a�`�kSitcqR �|w � a�l�a�_\�*d�itV^` � nyltZ>RY_\V^[\_
�miWXY�Sn�kSi#a�_ �
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y1

)

, r2 =

(

x2

y2

)
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dfa�iWVq[\��QSlt[\�
a�pvVq[\_>c^dqVq[\_>kSR
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6= 0 . �e�W�W�#�

�Sw � pSV^[\_\ced�V^[\_\kvR a�_\�*dqiWVqi#a�_ � � �vkS�tZ � R![\n�RY_>kSkS_ � V^[\_\Z>[>`baFRYced�_ � i~a�ltV^dqiW¡qZ>R�ltZhgOVq[>_\Z>[>`baFRYcedf`|Zhg
� R → R � a�`�QSRY_>V�ltnL`£[\QSRUTWV�� �SkS�mZ � R

(φ1(x) = 1, φ2(x) = x, φ3(x) = x2, . . . , φM(x) = xM−1) . ���W�3�W�
� _>c^d0dqi M

� _\XU_\n�_\k*d�i#a�` [\QSRUTWV�XYRYkvRYi#a�i]kSRU_\[\ltXY_ � k*`�Zhg � �SkS�mZ � R�[>nyRU_\kSkv_ � V^[\_>Z\[>`baFRUc^d�_ � x w
��� p(i#aFRY_ � kSRY_s�titn~QSRYkSltZ � _
XURYkSRUi3a�_ �e� � �*�Mr i�aFc^p�T|��Z\[M`|kvkSRY��ltZhg V^[\_>Z\[>`baFRUc^df`�Zhg ck r c��CaFRY_M�XUiWnyRYltk7ltn�R3c^dqiWpSkSRYl ≤ M−1

[\n�RY_\kvkS_ � x w P.QvRYTWV ���W�3�W� cedhltkvi3aFRWaFRU�\Z Q7lt[>� M
� a�`�n�R�ltV^i3a�_ �

� Vq[\_>Z\[M`�aFRUc^dq_ ��� pSV^[\_\ced�V^[\_\kvR�a�_>�*d�iWV^i3a�_ � aFRY_>XYiWn�R�lmkST#a�[\n�RY_>kSkS_ � Vq[\_>Z\[M`�aFRUc^dq_ � x w ��k7lmXYim�
� RUZ\[>kSRY_y�tiWkSced�V^�S� � _OcqRU� � [>_\cqp(iWXUiWk7� � pSVq[>_\c^dqVq[>_ � a�_>�bdqiWVqi#a��]aFRU_\XUiWnyRYltkST#a [>nyRU_\kSkv_ � [\_��c^p�iWXUiWkS_ �>w
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��� � ��� �	� �!��
� ������� �!��"�
� pSV^[\_>c^d�V^[\_>kSR a�_\�*dqiWVqi#a�_ � V

k7l � [\QSRUiWVq_>n XYRUZ\[\Q(i#a�`�n
K � = R

XU�SQ
C � n�iWz\k7l£aFpSV^i3a�l � [>RY{

� i � lmdq�ti#aA��ced�Vq�v�bdq�SVq�}ltX � _\QvV�ltRUZ\[\kS�LpSV^[\_\[s[ � _>�7kvRYi#aAlmkSRY_�dq[>a w RYXUi|Z>[>`�kb�£cq��ltXYltVqkS_ � ioa�_\�*d�itVqT#a wªfXYi�Z\[M`�k d�_\k£it��V^_\¡^XYiWk*` � _>c^d�pvVq[\_>[
pSVq[M`�p�iWV^[�� � �ti#aAlmkSRY_
��ltz � _ � p7ltV^[\_�a�_\�*d�itVqT#a v
R
w
XURYZ\[>Q*`y[>_

[\QvRYiWV^�
K r iW[>k7ltZ>[�ltkS_ � pSV^[\_>[ 〈v|w〉 w � lCRYXUi|Z>[>`�k£cq��ltXYltVqk*`£kSl���iWz>iWkS_
cq��k7lmc^d��>pS� � �tZ>_}a�ltV^�SkS�bR5�

〈v|w1 + w2〉 = 〈v|w1〉 + 〈v|w2〉 , ���W�#�*�
〈v|wc〉 = 〈v|w〉 c . �e�t���b�P!lt�S� l � l�cqRY� r z\_sa [\_\c^p�itXYiWkS_ � pSV^[\_>c^d�V^[\_>kSR�a�_\�*dqiWVqi#a�_ � V

[\ltZhgSi � [\R

〈w|v〉 = 〈v|w〉∗ , ���W�3¤W�
�W� [>RY_ 〈v|w〉∗ iW[>k7ltZ>[�l�a�ltV^dqiW¡q{�c^pSVq[>�\z\itk7�
XYRYZ>[\Q*`L[\_\c^p�itXYiWkS_ � 〈v|w〉 w � l�d�iWn�R�ltced4a V^[\_\Z>[>`baFRYced�_ �pSV^[\_\ced�V^[\_\kvR a�_\�*dqiWVqi#a�_ � V rS�W� [\RY_�RYXYi�Z\[M`�k cq��ltXYltVqk*` pvVq[>` � n~� � _�aAltVed�iW¡^Z\R!V^[\_>Z\[>`baFRUc^d�_ r [�ltZhgSi � [>R

〈w|v〉 = 〈v|w〉 ; �e�W��©*�
a¦df`�n a�`�p7l � �b� RYXUi|Z>[>`�k£cq��ltXYltVqk*` 〈v|w〉 � _\ced ��� � 	�� ��� ���� � � �SkS�mZ � ��a�_>�*d�iWV^T3a v

R
w wP�V^T3aFk wv���W�3¤W� R*�*a�l � R � k7l�ced�V wm� a�`�kSRY��l r z\_ RWau[>_\c^p�iWXUiWkS_ � pSVq[>_\ced�Vq[>_\kSRba�_\�*d�iWV^i#a�_ � RYXYi�Z\[M`�kcq��ltXYltVqk*` a�_\�*dqiWV�l

v
pSV^[\_\[}cqRU_\QSRU_ r 〈v|v〉 rm� _>c^d�XYRUZ\[>Q7��Vq[\_>Z\[M`�aFRUc^d�� r 〈v|v〉 ∈ R w�� ltXYc^[\_saAltV^�SkS�bRk7l���iWz\itkS_
k7l�RYXUi|Z>[>`�k£cq��ltXYltVqk*` � dhlt��a�V^[\_\Z>[>`baFRYced�_ �>rW� lm�0R![>_\cqp(iWXUiWkS_ � pSV^[\_\ced�V^[\_\kvR a�_\�*dqiWVqi#a�_ ���nyl � ��p�iWcedhlt{m�

〈v|v〉 ≥ 0 , �e�W�#«W�
〈v|v〉 = 0

a�dq_ � `OR!df`�XY�mi�a�dq_ � ` r¥�W� ` v = 0 . �e�W� � �
��iWV^[>`�c^d�l � �tZA[ a�� ltc^kSiW¡^Z\R ���W�#� � �W�3¤W� itdqVq[M`|no� � _\no` r z\_ a [\_>cqp(iWXYiWkv_ � pSV^[\_\ced�V^[\_\kvRva�_>�*d�iWV^i3a�_ �[�lmZhgSi � [\R

〈v1 + v2|w〉 = 〈v1|w〉 + 〈v2|w〉 , ���W���*�
〈vc|w〉 = c∗ 〈v|w〉 , �e�3���W�[�lm¡Fa¦Vq[>_\Z\[M`baFRYc^dq_ � pvVq[\_>c^dqVq[\_>kSR a�_>�bdqiWVqi#a�_ � p(i#a�`|z>cq[>_LV^T3aFkSltkSRY_spSV^[>` � n~� � _sp(iWc^d�lt{

〈vc|w〉 = c 〈v|w〉 , �e�#�|�3�
Z\iCa�`�kSRY��l�[sVqT#aFk w����W���b� R ���W�#©*��w PJa���ltcqkviW¡qZ>R ���W�#� � �W�3¤W� a�`�kSRY��l�d�_\z r z\_

〈v|0〉 = 〈0|v〉 = 0 , �e�#�W�W�
� XYlC��ltz � _ � iCa�_\�*dqiWV�l v w

�Ww � pvVq[\_>c^dqVq[\_>kSR�a�_\�*dqiWVqi#a�_ �>r a �*d�TWV^_ � [>iWc^d�l���iW�bVq_\¡^XYiWk*` RYXUi|Z>[>`�k cq��ltX�lmVqk*` r [ � _>�SkSRYi#a�lt{n�iWz\kSl ��� � ��sZ>[>`�XYR ���  � ������a�_\�*dqiWV�l
v
�

‖v‖ = 〈v|v〉1/2 =
√

〈v|v〉 . �e�3�t�W�
�|�
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iWVqnyl �1� ��� � it¡q{ � a�_>�bdqiWV�lOpSV^[>` � n~� � _~[\l�aFcq[\_Ca�ltV^dqiW¡qZ>R�Vq[>_\Z\[M`baFRYc^dq_ w Pua�ltV^�SkS�b� ���W� � �a�`�kSRU�ml r z>_���ltz � `}kSRY_>[\_\V^i#a�`
a�_>�bdqiWV v

n0lFkSRU_\[\_>Vqi#a�� � ��� � iW¡^{ w � [\_>cqp(iWXYiWkv_ � pSV^[\_>c^d�V^[\_>kSRa�_\�*d�itVqi#a�_ � [�lmZhgSi � [\R
‖vc‖ = ‖v‖ |c| , �e�#�m�b�

�W� [\RY_ |c| = (c∗c)1/2 � _\c^d�a�ltV^dqiW¡qZ>R��CQ�_>[>aF[ � XY� � k7� � nyi � ����_\n � XYRUZ\[\Q*`£[>_\c^p�iWXUiWkS_ � c r pSlmd�V^[V^T3aFk w��5¤W��w�¢ itz\k7l�c^d�� � a�`|Z>R�� � k7�t{�aFkvRYiWc^_\� r z>_ p(iWn�kSiWz>_\kSRU_�a�_>�*d�iWVql v
pSVq[>_\[ Z\[M`|kvkSRY� �1l��

[>i3a�`
eφi r p7l�d�Vq[FV^T3aFk w.���3¤W��r kSRY_�[>nyRU_\kSRYl � ��� � iW¡qZ>RSa�_>�bdqiWV�l r ‖veφi‖ = ‖v‖ w � Vq[>_\Z>[>`baFR �

ced�_ � pSVq[>_\c^dqVq[>_\kSR¥a�_>�*d�iWV^i3a�_ � i � p(i#aFRY_ � kSRY�bRY_>n dq_ � a���ltcqkviW¡qZ>R � _>c^d VqT#aFkSiW¡^{ ‖−v‖ = ‖v‖ w�<_\�*d�itV^`
v
i � ��� � it¡qZ\R � _ � kSiWc^dq�ti#a�_ �>r ‖v‖ = 1 r k7lm[>`baAl c^RY� � 	 ����� � ����� 
��� � ����� ����� ���

� XY�SQ r kSRY_>��RU_ � ` r � 	�� ��� ������� ��w�� � � � ��� � ���� � � kSRU_\[>_\Vqi#a�_ � iua�_\�*dqiWV�l
v
p(iWXU_ � l]k7l pSV^[\_��

�bcq[Mdhl���Z\_>kSRY� � i
a a�_\�*d�iWV �SkSitVqn�i3a�ltk*`CpSV^[\_\[�p(iWnykviWz\_>kSRY_�pSV^[\_>[ ��$� � ��� � ��� � � ��� � ����!����
V^T3aFk*` 〈v|v〉−1/2 �

e = v 〈v|v〉−1/2 =
v

√

〈v|v〉
, ���3�W¤W�

l�itdqVq[>`�nyltk*` a�_\�*d�iWV�cqp(_���kSR�l~a�ltVq�vkS_\� ‖e‖ = 1 w
�|w�¢ itz\k7l a�`���lt[�lm{ cqp(_���kSRY_>kSRY_yk7ltc^dq�\pS� � �tZ>`�Zhg kSRY_>VqT#aFkSiW¡^Z\R�[MaFR��t[\ltk*`�Zhg [yRYXUi|Z>[>`�kS_\n c^�ml3�
XYltVqk*`�n��
� � � � RU_\V^T3aFkviW¡q{ � Zhg*aAlmV^d�[\lv�

〈v|w〉〈w|v〉 ≤ 〈v|v〉〈w|w〉 , �e�#�t©*�
�*d�TtV���nyitz\k7l�[�lmpSRYcqlt{
dhlt�bz\_
a¦p�iWcedhltZ>R

|〈v|w〉| ≤ ‖v‖ ‖w‖ . ���3�W«W�
� ��� � RU_\VqT#aFkSit¡q{ ¢ RYkS�mi#aFcq�bRY_ � i � [>a�ltk7l�d�_>z}kvRY_\V^T#aFkSiW¡qZ>R��~d�V^T � ���mdhl � �

‖v − w‖ ≤ ‖v‖ + ‖w‖ . ���3� � �
�vw�� a�l�a�_>�bdqiWV^` v

R
w
k7lm[>`baAlmno`£aF[�l � _>nykvRY_�� �%��� � � � ��� ��� ��� rS�W� `

〈v|w〉 = 0 . �e�3���*�
�<_\�*d�itV

0 � _\cedOiWV^dqi � iWkSltXYk*` � i �mlmz � _ � iua�_>�*d�iWVql
v r aFXYRYZ>[�l � �mZ cqRU_\QSRU_ c�ltn�_ � i r pSlmd�V^[V^T3aFk w��e�W� � � R �e�3�t�W�Mw

�Sw � Vq[>_\Z\[M`baFRYc^dq_ � pvVq[\_>c^dqVq[\_>kSRHa�_>�*d�iWV^i3a�_ � nyiWz>k7l�[ � _M�7kSRUi3a�lt{s���md α ∈ [0, π] r�� lm��R�dfa�iWV^[��
� a�lCkSRY_>[\_\V^i#a�_sa�_>�*d�iWVe` v

R
w w � iWc^RYkb�ScFd�_ � i����md�l~a�`|kviWcqR

cos α =
〈v|w〉

‖v‖ ‖w‖ . ���#� �*�
� � `Oa�_>�*d�iWVe` v

R
w
c��yiWV^dqi � iWk7lmXYkS_ r dqi α = π/2 r l �W� ` � _ � _>kJa�_>�bdqiWV � _>c^d
pSV^iWp(iWVqZ � im�k7lmXYk*` � i � V^� � RY_ � i r kSp w w = vc r c 6= 0 r dqi α = 0 � c > 0 � XY�SQ α = π � c < 0 ��w

�W�



¤|w � [>_\c^p�iWXUiWkS_ � pSV^[\_\ced�V^[\_\kvR�a�_\�*d�iWV^i#a�_ � CM � p7lmdqVq[�pSVq[M`��7��l �j� k7l�ced�V w �#«W�Mr a�_>�*d�iWVqltnyRcq��nyltZ\RU_\V^[\_si�a�`�n�R�ltVqltZhg
M × 1 � nyltZ>RY_\V^[\_
�miWXY�Sn�kSi#a�_ �Mr p7l�d�Vq[sV^T3aFk w��&�t©*��r iy_>XY_\n�_\k��d�ltZhg0Q(� � �mZ>`�Zhg XYRUZ\[>Q7ltn�RS[\_>cqp(iWXYiWk*`�n�R w � pSVq[>_\ced�Vq[>_\kSR(d�_ � ��� ��� � ����������� � � ����$� � � ����� ��� ���

� _M�7kSRU� � _scqRY� � lm�ti

〈a|b〉 = a
†
b = a∗

1b1 + a∗
2b2 + · · · + a∗

MbM =
M

∑

k=1

a∗
kbk , ���#�v�3�

�W� [\RY_FnyltZ\RU_\V^[FaFRU_\V^cq[\i#a�l a† � _>c^d�n0lmZ\RY_>Vq[\�}gS_>Vqn�RUdqi3aFc^�tiLcqpSV^[\�\z>iWk7�LaF[ � XY� � _\n nyltZ>RY_\V^[>`
�miWXY�Sn�kSi#a�_ � a r p7lmd�V^[oV^T3aFk w �1�S�#� iWVqlt[~�*a�l � l p(iWkSRYz>_ � dq_ � i V^T#aFk7ltkSRYl w � Vq[>_\Z>[>`baFRYced�_ �pSV^[\_>c^d�V^[\_>kSR�a�_>�bdqiWVqi#a�_ � RM � _>�7kvRYZ � l]c^d�ltk � lmV � i#a�_ � i RYXUi|Z>[>`�kb� c^��ltX�ltV^kS_ � iJpSVq[M` � no� � _p(iWc^d�lt{t�

〈a|b〉 = a
T
b = a1b1 + a2b2 + · · · + aMbM =

M
∑

k=1

akbk , ���#�*�W�
�W� [\RY_�nyltZ>RY_\V^[AaFRY_>Vqcq[>i#aAl aT � _>c^d n0lmZ\RY_>Vq[\�
dqV�ltkvcqp(iWkSi#aAlmk7�saF[ � XY� � _\n nyltZ>RY_\V^[>`o�tiWXU�SnC�
kSi#a�_ � a w

©vw � pSVq[M`|�S��l � [\RU_ � k7lOc^dqV w �3« V^iW[>a�ltz�lmkb`]Q*`7��pSVq[M`|�S��l � pSV^[\_>c^d�V^[\_>kSR a�_>�bdqiWVqi#a�_ � i � aF[\i��V^i3a�l��
X → K w � pSV^[>`�p7l � ��� X = R

R
K = C

nyltno` � i Z>[>`�kSRY_>kSR�l�[ pSVq[>_\ced�Vq[>_\kSRY�a�_\�*d�itVqi#aA� � �SkS�mZ � R f
i]ltV � �Sny_>kSZ>RY_£Vq[>_\Z>[>`baFRYcedf`|n R�aAltVed�iW¡^Z\RYltZhg�[>_\c^p�iWXUiWk*`�Zhg w P.QSRYTtV

df`�Zhg � �vkS�tZ � R r �*d�TWV^_ � i � lmd��mi3a�i�cqp(_���kvR�l � �~a�ltVq�Skv_\�
∞

∫

−∞

dx f ∗(x) f(x) =

∞
∫

−∞

dx |f(x)|2 < ∞ , �e�#�W�W�
dfa�iWVq[M`Jp(_>aFk7�Op�i � pSV^[\_>c^d�V^[\_ � a�_�aFcqp(iWnykvR�ltkS_ � pSVq[>_\c^dqVq[>_\kSR a�_\�*d�iWV^i#a�_ �>w �4l£p�i � pSV^[\_��ced�Vq[>_ �up(_���kS_ � pSVq[>_\c^dqVq[>_\kSR�kSiWcqR k7lm[>a�� � � � 	 ��� � � 	���� � 	 ����� � ��� 	 ���  � �  �%� ���� � ��� ��� ��� (' �

��� � ��� ���� 	 r lmXYQ(i � � � 	 ��� � � 	������ � � "�	��%� � w � _>c^d
d�i£[>_\c^p�iWXUiWk7l pSV^[\_>c^d�V^[\_ � a�_\�*d�itVqi#aAl i a�`*�
n�R�ltV^[\_�kvRY_\c^�ti �vZ\[\itkb`�n r a��*d�TWV^_ � iW�bVq_\¡^XYiWk*` � _>c^d�RYXUi|Z>[>`�kOcq��ltXYltVqk*`0a¦p�itc^dhlmZ\RHZ�lb���bR5�

〈f |g〉 =

∞
∫

−∞

dx f ∗(x) g(x) . �e�#�m�b�

� _M�7kSRUZ � � d�� n�iWz\k7l��Si � TWXYkvRY{�kSl�pSV^[\_>c^d�V^[\_>kSRY_���RUXYQ(_\V^d�l�i � aF[\iWV^i#aAl�� Rn → C r [�ltced��\pv� � �tZa¦VqT#aFk w��e���W�*� R ���#�t�b� Z\l����bR � _ � kSiW�bVqitdqkS_sZ�l�����ltnyR n �f�bV^itd�k*`�nyR w�FaAl � lv� � �SkS�tZ � _ aFRU_\XUiWnyRYltkSi#a�_ a pSV^[>`��S� l � [\RY_ � k7l c^d�V w���� kSRY_Jc^p�_3��kSRYl � �jaAltV^�SkS�b�
���#�W�*��r lCaFRY�>ZokSRU_ � l�cqRU�}a [>QSRYiWV^[\_}df`|Zhg � �vkS�tZ � R4iW�bV^_\¡qXURY{}RYXUi|Z>[>`�kb� cq��ltXYltVqkv_ � iyiWp7ltVed�_ � ik7l � _M�7kSRUZ � R �e���t�b�Mw

«|w � [>_\c^p�iWXUiWkS_ � pSV^[\_\ced�V^[\_\kvR4a�_\�*d�iWV^i#a�_ � V
a�`�n�R�ltV^�

M r a��bdqTWVq_ � iW�bVq_>¡qXUiWk*` � _>c^d�RYXUi|Z>[>`�kc^�mlmX�ltV^kb` r a�`|QvRY_\Vqltno`Jp(_>aFkS��Q7lt[>_ �e���t�*�Mw�� X�l � i#a�iWXYkv_ � pSltV^`Ja�_\�*d�itVqT#a w
R
w′ a dq_ �pSV^[\_>c^d�V^[\_>kSR r pSV^[\_ � c^d�l#aFRUiWk*`�Zhg�a � iWVqn�RY_£�miWn~QSRUk7ltZ � R�XURYkSRUi#a�`|Zhg �e� �*«W� a�_>�*d�iWV^T3a QSlt[>` r
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n�iWz\kSl cq�miWVq[M`|cedhlt{O[0a���ltcqkviW¡qZ>RARYXUi|Z>[>`�kb�ucq��ltXYltVqkS_ � i ���W�#�*��rF�e�W�\�b�MrF���W���*� iWV�lm[ �e�3���*�Mr RiWQvXYRYZ>[>`�{ 〈w|w′〉 � lt�ti

〈w|w′〉 = 〈
M

∑

k=1

vkck|
M

∑

l=1

vlc
′
l〉 =

M
∑

k=1

M
∑

l=1

c∗kSklc
′
l , ���#�*¤W�

�W� [\RY_
Skl = 〈vk|vl〉 , ���#�W©*�cq�]_>XY_>ny_>kbd�ltn�R�d�[Ma w � ���� 	�� �$��� � � ����� ����� �

S
RAc^p�_3��kSRYlt{£n~�Sc^[��JaAlmVq�SkS_>�

Skl = S∗
lk r�*d�TtV^` a�`�kSRU�mlC[sVqT#aFk w����W�3¤W��w�¢ ltZ\RU_\Vq[ S � _\ced�aFRU�\ZsgS_>Vqn�RUd�i#aFc^�m��nyltZ\RU_\V^[����*aAl � V�lmdqi3a��iOa�`�nyRYltV�ltZhg

M × M r pSlmd�V^[ � _>�7kSRUZ � l �&©v�#�Mw�� i#a�i � [>R c^RY� r z>_ �t� ` �e���m�b� � _\cedL[>QSRYitVq_\na�_\�*d�itVqT#a XURYkSRUi#a�i�kSRY_>[�ltXU_\z>kb`�Zhg r dqi�[�lmZhgSi � [\R det S > 0 w � i�aFRY�>Z\_ �>r a dhlt�bRYn pvVq[>`�p7l � �b���ltz � l�nyltZ>RY_\V^[ S(M−m)

a�`�n�R�ltV^�
(M − m) × (M − m) r p(i#aFc^dhlb� lC[}nyltZ>RY_\V^[>` S

pSV^[\_>[
�Sc^�SkSRU�\Z\RU_ � i3a�iWXUkb`�Zhg m

aFRU_\Vqc^[>` R
m
�tiWXU�Sn�k � m = 1, 2, . . . , M − 1 ��r c^p�_3��kSRYlCa�ltVq�vkS_\�

det S(M−m) > 0 w � [>aFR��m[\�b�O[�df`�n n�T3aFR�cqRU� r z>_
n0lmZ\RY_>Vq[�kSlt�bV^`baAlmkSR�l S � _>c^dFnyltZ\RU_\Vq[\������ � � ��������� ��	 ��� � � � w P a�ltVq�vkS�b� det S > 0
a�`�kSRU�ml r z\_
RUc^d�kvRY_ � _�n0lmZ\RY_>Vq[�i � aFV^itd�kSl S

−1 w� Vq[>_\Z>[>`baFRYced�_ � pSVq[>_\ced�Vq[>_\kSRSa�_\�*dqiWVqi#a�_ �>r��W� [\RU_�RUXYi�Z\[>`�k~c^��ltX�ltV^k*`~cqp(_���kSR�l�aAltV^�SkS_>� �e�W��©*�MrnyltZ\RU_\V^[
S � _>c^d V^[\_\Z>[>`baFRYcedh�
nyltZ\RU_\Vq[\��c^`�n�_>dqV^`�Z\[>k7� r p7lmdqVq[ � _>�7kSRUZ � l �1© �*��r R � _>c^d � i � l�d�kSRUiiW�bV^_\¡qXUiWk7l w

� w � `�[\k7ltZ>[\_>kSRY_JnyltZ\RU_\V^[>` k7lt�bV^`ba�ltkSRYl
S � X�l � ltkS_ � QSlt[>` r p7l�d�Vq[�VqT#aFk ws���#�W©*��r a�`�n0l � liWQvXYRYZ>[\_>kSR�l
RYXUi|Z>[>`�kST#a c^�mlmX�ltV^kb`�Zhg

M(M +1)/2
p7ltV a�_>�bdqiWVqT#a Q7lt[M` � �miWVq[M`|cedhltnL`0[Fd�_ � i rz>_

S � _\c^dFnyltZ>RY_\V^[��ogv_\Vqn�RUdqi#aFcq��� � XU�SQ£c^`�n�_>d�Ve`�Z\[\kS� � � w ����iWz>iWk*` k7lt�S��l � pSV�ltZM` p(iW[>a�ltXYlp(itd�_>n a c^p�iWc^TWQ ��lmdfa�` r pSVq[M`Ja�`��tiWV^[>`�c^d�ltkSRY�jV^T#aFk w��e�#�*¤t�Mr iWQSXURYZ\[\lt{�RYXUi|Z>[>`�k*`Jcq��ltXYltVqkv_
� i#a�iWXYk*`�Zhg�p7lmV�a�_\�*d�itVqT#a w �4lt�bRFcqp(iWcqTtQ�p�itc^d��>p�i#a�ltkSRYl � _\ced0�miWVq[M`�c^d�k*` r��W� ` � R �~� lmk7lpSV^[\_>c^d�V^[\_ � a�_\�*d�itVqi#aAl � _>kS_\V^i3a�ltk7l � _>c^d � lt�mi£pSVq[>_\ced�Vq[>_ � �tiWnoQSRYk7lmZ � R�XURYkSRUi#a�`|Zhg p�_MaFkS_ ��ScedhltXUiWkS_ � Q7lt[M`ya�_\�*d�itVqT#a R � RYR � Q(_\[>p�iW¡^Vq_ � kSRY_�iWQSXURYZ\[\ltkSRU_�RUXYi�Z\[M`|kb� c^��ltX�ltV^kS_ � i � _>c^d � itc^`�{pSVqltZ\i�Zhg���iWkSkS_ w � `�p�i#a�`�n pSVq[M`|�S��l � _\n n�iWz\_}Q*`|{LpSVq[>_\ced�Vq[>_ �Ja�_\�*d�iWV^i#aAl

V
�miWn~QSRUk7ltZ � RXURYkSRUi3a�`�Zhg

M
� _\XY_>ny_>k*d�i#a�_ � i �vp�iWV^[�� � �ti#aAlmkS_ � i�[\QSRUiWVq� � �Skv�tZ � R �e� � � � �s[\lt�S� l � lmno` r z>_V^iW[>a�ltz�lmkS_ � �Skv�tZ � _yc��Oi � aF[\iWV^i3a�ltkSRYltn�R R → C r [>QSRYTtV ����� � � [\l�aFRY_\Vql � �Skv�tZ � _yXYRUkSRYi#a�ikSRU_\[\ltXY_>z\kS_ r l£a�_\�*d�iWVe`Ja pSV^[\_\ced�V^[\_\kvR

V
cq� � �vkS�tZ � ltnyR p(iWc^d�ltZ\R ����� �*��rH�W� [>RY_ ck ∈ C � V

� _>c^d~aFRU�\Z0[>_\c^p�iWXUiWk7� pvVq[\_>c^dqVq[\_>kSR�� a�_\�*dqiWVqi#a��Ja�`�n�R�ltV^� M ��w � _\¡^XYR � �SkS�mZ � _£Q7lt[M` ����� � �c^p�_3��kSRYl � �]a�ltV^�SkS_\� ���#�W�*��r lJaFRY�\Z k7ltXU_\z\� � i p�_MaFkS_ � pvVq[\_>c^dqVq[\_>kSR ��RYXUQ�_>V^dhl r dqi n�iWz\kSl
iWQvXYRYZ>[>`�{
_\XU_\n�_\k*df`£nyltZ\RU_\V^[>` kSlt�bV^`baAlmkSR�l � X�l~dq_ � Q7lt[>`(�

Skl = 〈φk|φl〉 =

∞
∫

−∞

dx φ∗
k(x) φl(x) , �e�#�*«t�

lOk7ltced��\pvkSRY_�iWQSXURYZ\[\lt{�RYXUi|Z>[>`�k*`]cq��ltXYltVqkS_ 〈f |g〉 � XYl � �vkS�tZ � R p(iWcedhltZ>R ����� �*� �miWVq[M`�c^dhl � �tZ [pSV^[\_>pSRYc^� ���#�*¤W��w
�vw � RY_\Zhg S

Q(� � [\RY_�p�_MaFk7��gS_\V^nyR d�i#aFcq��� r�� i � lmd�kvRYi~iW�bV^_\¡qXUiWk7�onyltZ>RY_\V^[��oi~a�`�n�R�ltVqltZhg M ×
M w � [>_\cqp(iWXUiWkS_ � pSV^[\_>c^d�V^[\_>kSR!a�_>�*d�iWV^i3a�_ � CM � p7lmdqVq[�pvVq[>`��S� l � ¤ kSl~c^d�V w7�t�W�Mr [ � _M�7kSRYi��
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a�lt{snyitz\k7l �fkvRY_\cedhltk � ltV � i3a�` �sRUXYi�Z\[M`|k£c^��ltX�ltV^k*`

〈a|b〉 = a
†
Sb =

M
∑

k=1

M
∑

l=1

a∗
kSklbl . ���#� � �

� d�ltk � lmV � i#a�`CRYXUi|Z>[>`�kCcq��ltXYltVqk*` ���#�v�3� a�pvVq[\_>c^dqVq[\_>kSR
CM � _\ced�c^[\Z\[>_ � TtXYk*`�n pvVq[>`�p7l � �bRY_\np(i#a�`|z>cq[>_ �0� _>�SkSRYZ � R r i � p(i3aFRYl � l � �mZ>`�n S = 1 w ��� TWXUkSRY_m��V^TWz\kv_ nyltZ\RU_\Vq[>_�gv_\Vqn�RUdqi#aA�c^��RU_

S � � i � lmd�kSRUi0iW�bV^_\¡qXUiWkS_ ��� _>�SkSRY� � �yVqTWz>kS_~RYXUi|Z>[>`�k*` cq��ltX�lmVqkS_}a pvVq[\_>c^dqVq[\_>kSR
C

M w �pSV^[\_>c^d�V^[\_>kSR
RM � _>�SkSRYZ � l � kSRY_>c^d�ltk � ltV � i#a�`�Zhg �}RYXUi|Z>[>`�kST#a¦c^��ltX�ltV^k*`|Zhg � _\ced�ltk7ltXUi � RYZ>[\k7l w

����� ���	�
� � �� �	� �!�� �	� ��� � ������ ����
����� � ��� ���!�� ���$#
� pSV^[\_\ced�V^[\_\kvR.a�_>�*d�iWV^i3a�_ � V

a�`|n�R�lmVq�
M

k7l � [>QSRYitVq_\n XURYZ\[>Q�i#a�`�n
K � = R

XY�SQ
C �Mr a �*dqTWVq_ �iW�bVq_>¡qXUiWk*` � _\ced RYXYi�Z\[M`�k�cq��ltX�lmVqk*` r n�iWz\kSl�a�`|QvV�lt{FQ7lt[>� r �*d�TWV^_ � a�_>�*d�iWVe`Ccqp(_���kvR�l � � � a�l
aAltV^�SkS�bR5�

� R � c��Cp7ltVqltn�R!iWV^dqi � iWkSltXYkS_ r
� RUR � cq���SkSiWV^nyi#a�ltkS_ w
� _\¡^XYR�[\ltZhgSi � [\R4df`|XU�ti � R �Mr dqi£i � p�i#aFRY_ � kSRYl0Q7lt[\lOkSlt[>`ba�ltk7l � _\c^d " ������� �%��� � � � ��� � � w � � ` � lmk7lQ7lt[\l�c^p�_3��kSRYl � R � R � RYR �Mr d�i � _\ced�kSlt[>`ba�ltk7l " �����	� �%��� ��� � � ��� � � w� � `£�Sp(iWVq[\� � �ti#a�ltk*` [\QSRUTWVAa�_>�*d�iWV^T3a

(e1, e2, . . . , eM) , ���#� �*�
� _\cedAQ7lm[��LitV^d�itkSiWVqnyltXUk7��a pSVq[>_\c^dqVq[>_\kSR(a�_>�bdqiWVqi#a�_ � V

a�`|n�R�lmVq�
M r dqioRUXYi�Z\[>`�k*`Ccq��ltXYltVqkv_�a�_\�W�d�itVqT#a¦dq_ � Q7lt[>` n0l � � r [ � _>�7kvRYZ � R r k7ltced��>pS� � �tZ\��p(iWc^d�lt{t�

〈ek|el〉 = δkl , ����� �*�
�W� [>RY_
p(iCpSV�l�a�_ � ced�VqitkSRY_
V^T3aFkSltkSR�l~a�`�c^dq�\pS� � _Ld�[Ma w ��� � "�� � % � � ��	  � 	�� �7�

δkl =

{

1 �W� ` k = l ,
0 �W� ` k 6= l .

�����S�3�
� RY_>XY�miW¡qZ>R

δkl

nyiWz>k7l£�*aAltz\lt{0[\l£_\XY_>ny_>k*df`]n0ltZ>RY_>Vq[>` � _ � kviWc^dq�ti#a�_ � 1
i£a�`�nyRYltV�ltZhg

M × M w
� lt[\l0iWVed�iWkSitVqnyltXYk7l � _>c^d�aFRU�\Zod�lt���yc^[\Z\[>_ � TtXYk7�0QSlt[��ya pvVq[\_>c^dqVq[\_>kSR�a�_\�*d�itVqi#a�_ �>r z\_~i � p(i#aFR�l��
� l � �mZ�l � _ � nyltZ\RU_\V^[0Z�lb��_\� k7lt�bVe`�a�ltkSRYl r p7lmdqVq[ V^T3aFk w��e���W©*�Mr VqT#aFk7l � _\cedCn0lmZ\RY_>Vq[M` � _ � kSiWced��mim�a�_ �>r S = 1 w � `���ltz\_>no` � ltXY_ �>r z>_0��ltz � ��Q7lm[\� r�� X�lO�*d�TWV^_ � S 6= 1 � Q7lt[>�0kSRU_\iWVed�iWkviWVqnyltXYkS� �MrpSV^[\_\�bc^[>dhlb��Z\RU{0n�iWz\kSl£a p�_MaFk7��Q7lm[\�CiWV^dqiWkSiWV^n0lmXYk7� w ��iW��ltz\_>no`]d�_>z r z\_Ca � ltkv_ � pSV^[\_>c^d�V^[\_>kSRa�_\�*d�iWV^i#a�_ � RYc^dqkSRY_ � _�aFRY_>XY_
V^TWz\k*`�Zhg Q7lm[}itV^d�itkSiWVqnyltXUkb`�Zhg w

�Ww � pvVq[\_>c^dqVq[\_>kSRLa�_\�*dqiWVqi#a�_ � V
[<RUXYi�Z\[M`|kv_\n c^�mlmX�ltV^kb`�n Q7lm[>` iWV^dqiWkSiWV^n0lmXYkS_ cedhltkvi3aFRY�
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